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A B S T R A C T   

In this paper, the discontinuous meshes are applied to CAE analysis. Besides that, a dual interpolation boundary 
face method based on the Hermite-type moving-least-squares method (DiBFM-HMLS) for the 3D elasticity 
problem is firstly proposed. The DiBFM-HMLS offers an interpolation scheme for the hang points in the 
discontinuous meshes. Different from the previous mesh division method, the binary-tree structure is used to 
obtain the discontinuous meshes. Our mesh generation method can effectively avoid model repairing and 
simplification for geometric structures with small features and defects while ensuring a real automatic mesh 
division. Compared with the continuous mesh, the discontinuous meshes possess strong geometric adaptability 
for arbitrarily complicated structures and can provide the possibility for the full-automatic CAE analysis. Suc
cessful numerical examples are used to illustrate the accuracy and reliability of the presented methods in solving 
various kinds of problems and reveal the excellent performance of the discontinuous meshes.   

1. Introduction 

The automatic grids division technology is one of the keys to CAD/ 
CAE integration. Many mesh generation methods are potential for this 
integration process such as AFM [1,2], Delaunay triangulation [3,4], 
and mapping method [5] for continuous meshes, the quad-tree method 
[6] for discontinuous meshes. As the widely used tool in numerical al
gorithms, continuous meshes can be divided into two categories: (I) 
structured grids, and (II) unstructured grids. Structured grids can reach 
high calculation accuracy and are frequently used in critical portions of 
a component such as the stress concentration areas. However, its auto
matic property is just available in geometric models with no defect. 
Unstructured grids are easily implemented and usually employed in CAE 
analysis, but they still can’t be performed smoothly when the CAD 
models are not “clean”. 

The discontinuous meshes not only are flexible to be carried out but 
also can largely decrease the difficulty of mesh division. The boundary 
integral equation (BIE) of the boundary element method (BEM) is ver
satile [7–10] and allows the trial functions to be discontinuous. Thus, 
different kinds of elements can be used in BEM analysis (e.g. continuous 
and discontinuous elements [11–13]). These features of BIE provide 

convenience for the application of the discontinuous mesh in CAE 
analysis by BEM. Besides, it is not necessary to fill in the transition areas 
(see Fig. 1) for discontinuous meshes (e.g. the Quad-tree grid generation 
[14–16]) to acquire high-quality computational grids. Based on the 
above advantages of BIE, the discontinuous mesh is employed in our 
research directly and without additional processing. 

For the non-interpolation hang points in the discontinuous grids, the 
meshless interpolation method is used to approximate the physical 
variables. So far, there are many methods for reference concerning 
meshless interpolation. The moving-least-squares (MLS) approximation 
proposed by Lancaster and Salkauskas [17] offers a practical measure 
for scattered point interpolation. Based on the MLS approximation, 
Zhang [18] presented the dual interpolation boundary face method 
(DiBFM-MLS), which has shown superiority in solving various kinds of 
physical problems [18–21]. In this method, the BFM [22] guarantees 
that the coordinate of Gauss integral points and Jacobian are taken 
directly from real geometric boundary instead of an element, thus more 
precise results can be obtained. However, as the MLS is built on the 
parameter space, an obvious limitation for DiBFM-MLS exists in dealing 
with the structure with small feature sizes [23,24]. In addition, the 
stability of the MLS will be affected following the increase of the 
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interpolation points [25,26], which also restricts the applicability of 
DiBFM-MLS. 

Different from the MLS, the Hermite-type moving-least-squares 
(HMLS) presented by Li and Aluru [27,28] introduces the derivative 
component into the least square method, in which the singularity of the 
momentum matrix is effectively avoided. Furthermore, the normal 
equations are established on the Cartesian coordinate rather than the 
parameter space, which guarantees that HMLS can be applied to analyze 
the structures with small feature size. Since the employment of the linear 
polynomial basis in HMLS by Li and Aluru, the accuracy can’t always be 
guaranteed in some cases. Zhang [23,24] proposed the dual interpola
tion boundary face method with HMLS (DiBFM-HMLS) by incorporating 
incomplete quadratic basis in HMLS, and substantial numerical results 
for 2D potential and elasticity problems have been achieved. 

Previous researches [23,24], about DiBFM-HMLS, are mainly based 
on the continuous meshes, and only for 2D problems. In this paper, 
DiBFM-HMLS based on the discontinuous meshes for the 3D elasticity 
problem is proposed, and the binary-tree structure [29] is used to get the 
discontinuous meshes. Due to strong geometric adaptability and easy 
implementation, the discontinuous meshes are very suitable for geo
metric structures with small features and defects. Simultaneously, 
DiBFM-HMLS provides an effective measure for dealing with hang 
points in discontinuous meshes and guarantees the successful applica
tion of the discontinuous mesh in solving arbitrarily complicated 
structures. Moreover, it can promote the process of CAD/CAE 
integration. 

The paper is arranged as follows: the process of binary-tree mesh 
generation is illustrated in Section 2. The detail of DiBFM-HMLS for 3D 
elasticity problems and the measure for dealing with hang points are 
described in Section 3. In Section 4, the discretization and the reas
sembled form of the BIE for solving 3D elasticity problems are deduced. 
Several numerical examples are shown in Section 5. Conclusions and 
some discussions are given in Section 6. 

2. Binary-tree mesh generation 

In this section, an adaptive binary-tree mesh generation method is 
introduced. In the beginning, the initial root element is divided into two 
sub-elements, and this procedure is recursive according to the surface 
curvature, the curve curvature, or the area ratio of adjacent sub- 
domains. The annulus is an example to illustrate the binary-tree mesh 
generation (see Fig. 2). The process is mainly divided into five steps as 
described in Table 1. 

The example of discontinuous meshes using binary-tree method for 
the flange is shown in Fig. 3. 

The flow chart of binary-tree mesh generation process is given in 
Fig. 4: where Si (i=1, 2) represents the area ratio between adjacent sub- 

domains. Cj (j=1, 2) is the curvature parameter (surface curvature and 
curve curvature). rk (k=1, 2, 3) is the limitation prescribed by the user. l 
is the level between adjacent elements. 

3. Interpolation scheme in DiBFM-HMLS 

In this section, DiBFM-HMLS for the 3D elasticity problem is 
implemented based on the discontinuous meshes. In the dual interpo
lation elements, the hang points (see Fig. 5) are divided into two types 
according to the function: (i) those points are regarded as interpolation 
points for one element but not for another, and (ii) those points are 
considered as the common interpolation points for adjacent elements. 
All the hang points and geometric discontinuous boundary points are 
regarded as virtual points in DiBFM-HMLS. The approximation for un
known physical variables using dual interpolation element is described 
as follows: 

3.1. The first-layer interpolation in DiBFM-HMLS 

The conventional element interpolation is regarded as the first-layer 
interpolation in DiBFM-HMLS. For 3D elasticity problems, the 
displacement uk and traction tk, (k=1, 2, 3) in one element can be 
approximated by: 

uk(x, y, z) = uk(ξ, η) =
∑ns

m=1
Ns

m(ξ, η)uk
(
Qs

m

)
+
∑nv

n=1
Nv

n(ξ, η)uk
(
Qv

n

)
, (1)  

tk(x, y, z) = tk(ξ, η) =
∑ns

m=1
Ns

m(ξ, η)tk
(
Qs

m

)
+
∑nv

n=1
Nv

n(ξ, η)tk
(
Qv

n

)
, (2)  

in Eqs (1), (2), nsandnv represent the total number of source and virtual 
points in the dual interpolation element. ξ,η is the coordinate of the 
unknown field point in the parametric space. Qs

m and Qv
n represent the 

mth source point and nth virtual point in the dual interpolation element. 
Ns

m(ξ, η), Nv
n(ξ, η)are shape functions corresponding to Qs

mand Qv
n. 

uk(Qs
m),tk(Qs

m), uk(Qv
n) and tk(Qv

n)are displacement and traction compo
nents along kth direction, respectively. Since the values of virtual point 
are not independent, the second-layer interpolation for uk(Qv

n) and 
tk(Qv

n) will be constructed. 

3.2. The Second-layer interpolation in DiBFM-HMLS 

For 2D cases, the detail of the second-layer interpolation in DiBFM- 
HMLS has been illustrated [18,19]. The HMLS form of uk(Qv

n) and 
tk(Qv

n)(k=1, 2, 3) in Eqs (1), (2) for 3D elasticity problems are defined as 
follows: 

Fig. 1. Mesh transition  
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Fig. 2. Binary-tree mesh generation  
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uk
(
Qv

n

)
=

∑3

j=1
ψukuj (xv, yv, zv)ûj(Qs) +

∑3

j=1
ψuktj (xv, yv, zv )̂tj(Qs), (3)  

tk
(
Qv

n

)
=

∑3

j=1
ψtkuj (xv, yv, zv, nv)ûj(Qs) +

∑3

j=1
ψtk tj (xv, yv, zv, nv )̂tj(Qs), (4)  

where Qs is the source point in the influence domain of virtual point Qv
n. 

The displacement component and traction component of Qsare written 
as ûj(Qs) andt̂j(Qs), respectively.(xv,yv,zv) is the coordinates of Qv

n in 
Euclidean space and nvis the outward normal. ψukuj (xv,yv,zv) ,ψuktj (xv,yv,

zv) ,ψ tkuj (xv, yv, zv, nv) and ψ tktj (xv, yv, zv,nv)are shape function matrices, 
which can be written as: 

ψukuj (xv, yv, zv) = pT
uk (x

v, yv, zv)C− 1
t PT

uj , (5)  

ψuktj (xv, yv, zv) = pT
uk (x

v, yv, zv)C− 1
t PT

tj , (6)  

ψtkuj (xv, yv, zv, nv) = pT
tk (x

v, yv, zv, nv)C− 1
t PT

uj , (7)  

ψtktj (xv, yv, zv, nv) = pT
tk (x

v, yv, zv, nv)C− 1
t PT

tj , (8)  

where pT
uk 

and pT
tk 

are the polynomial basis vectors corresponding to 
displacement and traction. In [27], Ct is called as the moment matrix. PT

uj 

and PT
tj are matrices defined as follows: 

PT
uj =

[
puk (x1, y1, z1) puk (x2, y2, z2) ⋯ puk (xM , yM , zM)

]
, (9)  

PT
tj =

[
ptk (x1, y1, z1, n1) ptk (x2, y2, z2, n2) ⋯ ptk (xM , yM , zM , nM)

]
, (10) 

The discretization form of Eqs (3), (4) can be represented as follows: 

uk
(
Qv

n

)
=

∑3

j=1

∑M

i=1
ψukuj

i (xv, yv, zv)uj
(
Qs

i

)
+
∑3

j=1

∑M

i=1
ψuktj

i (xv, yv, zv)tj
(
Qs

i

)
,

(11)  

tk
(
Qv

n

)
=

∑3

j=1

∑M

i=1
ψtkuj

i (xv, yv, zv, nv)uj
(
Qs

i

)
+
∑3

j=1

×
∑M

i=1
ψtktj

i (xv, yv, zv, nv)tj
(
Qs

i

)
, (12)  

where k=1,2,3. The number of source points Qsis represent as M. uj(Qs
i ), 

tj(Qs
i ) are displacement and traction component of source point Qs

i along 
jth direction. ψukuj

i (xv,yv,zv), ψuktj
i (xv,yv,zv), ψ tkuj

i (xv, yv, zv, nv) and ψ tktj
i (xv,

yv, zv, nv) are shape functions corresponding to Qs
i . 

For hang points in type-1, the compatibility condition is used to 
construct the second-layer interpolation foruk(Qv

n): 

uk
(
Qv

n

)
= uk(Qs), (k= 1, 2, 3), (13)  

but for tk(Qv
n), HMLS approximation (see Eqs (3), (4)) are employed. 

For hang points in type-2, the second-layer interpolation for uk(Qv
n)

and tk(Qv
n)are all built by HMLS. 

4. Discretization and reassembly of the BIE 

4.1. Boundary integral equation 

Considering a 3D elasticity body Ω with the boundary Γ(see Fig. 6), 
the boundary integral equation (BIE) for the 3D elasticity problem in 
BEM [30] can be written as: 

cij(P)uj(P) =
∫

Γ
Uij(P,Q)tj(Q)dΓ(Q) −

∫

Γ
Tij(P,Q)uj(Q)dΓ(Q), P,Q

∈ Γ,
(14)  

where uj and tj (i, j=1, 2, 3) represent the displacement component and 
traction component of field point Q, respectively. The coefficient cij(P) 
= 1/2δij if Γ is smooth at source node P. For 3D elasticity problems, the 
fundamental solution Uij(P,Q) and Tij(P,Q) are defined as: 

Uij(P,Q) =
1

16πG(1 − v)r
[
(3 − 4v)δij + r,ir,j

]
, (15)  

Tij(P,Q) = −
1

8π(1 − v)r2

{
∂r
∂n

[
(1 − 2v)δij + 3r,ir,j

]
− (1 − 2v)

(
r,inj − r,jni

)
}

,

(16)  

where P and Q are the source point and field point; r is the distance 
between P and Q; while, ni and nj are the components of the outward 

Table 1 
Process of binary-tree mesh generation  

Step 1: Getting the target domain of the parameter space of a 2D or 3D surface, and the 
target domain is surrounded by a rectangular box as small as possible. This 
rectangular box is called the root element (see Fig. 2(a)). 

Step 2: Subdividing the root element according to the surface curvature and the curve 
curvature, then judging whether each sub-element meets the criterion if the 
condition is satisfied, then subdividing the sub-domains, otherwise stopping it. The 
procedure is recursive until all the specified parameters by a user are satisfied. At 
the same time, in each subdivision, the area ratio between adjacent sub-domains is 
used as a restriction (see Fig. 2(b)). 

Step 3: Balancing the binary-tree mesh, the purpose of this work is to guarantee a 
natural transition in dimensions between adjacent leaf-elements (see Fig. 2(c)). 

Step 4: The node attributes of each sub-element are judged to determine whether the 
left-element is located in the domain, outside the domain, or on the domain 
boundary. After that, the mesh nodes of the boundary element are moved to the 
nearest boundary curve (see Fig. 2(d)). 

Step 5: All the boundary elements are trimmed using the template method, then final 
meshes are obtained (see Fig. 2(e)).  

Fig. 3. Binary-tree mesh for flange  
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normal n at Q; v and G are the material parameters (the Poisson’s ratio 
and the shear modulus). 

4.2. Discretization form of the BIE 

Hereinafter, the symbols NE, NS, NV, and NF (NF= NS+ NV) repre
sent the number of elements, source points, virtual points, and total field 
points, respectively. In this research, the BIE is discretized by the dual 
interpolation elements and the traditional continuous elements (see 
Fig. 5). The discretization form of Eq. (14) concerning collocation point 
Pk (k=1, 2, …, NS) can be written as: 

∑NE

e=1

[
∑ns

m=1
hssij (Pk)uj

(
Qs

e(m)

)
+

∑nv

n=1
hsvij (Pk)uj

(
Qv

e(n)

)
]

=
∑NE

e=1

[
∑ns

m=1
gssij (Pk)tj

(
Qs

e(m)

)
+

∑nv

n=1
gsvij (Pk)tj

(
Qv

e(n)

)
]

(i, j= 1, 2, 3),

(17)  

the symbols ns and nv represent the number of source points and virtual 
points in one interpolation element. 

hssij (Pk) =

∫

Γe

Tij(Pk,Q)Ns
e(m)(Q)dΓ(Q) +

1
2
δij,

hsvij (Pk) =

∫

Γe

Tij(Pk,Q)Nv
e(n)(Q)dΓ(Q),

Fig. 4. Flow chart of binary-tree mesh generation  
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gssij (Pk) =

∫

Γe

Uij(Pk,Q)Ns
e(m)(Q)dΓ(Q),

gsvij (Pk) =

∫

Γe

Uij(Pk,Q)Nv
e(n)(Q)dΓ(Q), (18)  

and 

δij =
{

1, fori = j
0, fori ∕= j , (19)  

the symbol Γe are eth boundary element of domain Ω. Ns
e(m)

and 
Nv

e(n)denote the shape function of mth source point and nth virtual point 
on Γe. uj(Qs

e(m)
) and uj(Qv

e(n)) are the displacement components. tj(Qs
e(m)

)

and tj(Qv
e(n)) denote the traction components. 

The matrix form of Eq. (17) is: 

⎡

⎣
H11 H12 H13
H21 H22 H23
H31 H32 H33

⎤

⎦

⎧
⎨

⎩

u1
u2
u3

⎫
⎬

⎭
=

⎡

⎣
G11 G12 G13
G21 G22 G23
G31 G32 G33

⎤

⎦

⎧
⎨

⎩

t1
t2
t3

⎫
⎬

⎭
, (20)  

where Hij(3NS × 3NF) and Gij(3NS × 3NF) (i, j=1, 2, 3) are coefficient 
matrices, ui(3NF × 1) and qi(3NF × 1) are displacement and traction 
vectors for all field points. 

Since the virtual points are not regarded as collocation points in the 
BIE, the matrices in Eq. (20) are not squares any more. To get a solvable 
system of linear algebraic equations, the second-layer interpolation in 
Section 3.2 is employed. 

Through separating the source and virtual points from Eq. (20), the 
matrix form can be rewritten as: 
⎡

⎢
⎢
⎢
⎣

Hss
11 Hss

12 Hss
13

Hss
21 Hss

22 Hss
23

Hss
31 Hss

32 Hss
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

us
1

us
2

us
3

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

+

⎡

⎢
⎢
⎢
⎣

Hsv
11 Hsv

12 Hsv
13

Hsv
21 Hsv

22 Hsv
23

Hsv
31 Hsv

32 Hsv
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

uv
1

uv
2

uv
3

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎡

⎢
⎢
⎢
⎣

Gss
11 Gss

12 Gss
13

Gss
21 Gss

22 Gss
23

Gss
31 Gss

32 Gss
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ts1
ts2
ts3

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

+

⎡

⎢
⎢
⎢
⎣

Gsv
11 Gsv

12 Gsv
13

Gsv
21 Gsv

22 Gsv
23

Gsv
31 Gsv

32 Gsv
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

tv1
tv2
tv3

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

, (21)  

where us
j and uv

j are displacement vectors corresponding to all source 
and virtual points. ts

j and tv
j are traction vectors. The symbolsHss

ij , G
ss
ij , H

sv
ij 

and Gsv
ij represent coefficient matrices corresponding to us

j , ts
j , uv

j and tv
j , 

respectively. According to the boundary conditions, the vectors uv
j and 

tv
j can be decomposed into two parts: 

uv
j =

⌢
u

v

j
∪ uv

j , (22)  

tvj =
⌢
t

v

j
∪ tvj , (23)  

Fig. 5. Distribution of interpolation elements  

Fig. 6. A 3-D finite domain Ω with boundary Γ.  
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where ⌢
u

v
j ,

⌢
t

v
j and uv

j ,t
v
j represent the unknown and know displacement 

and traction components, respectively. 
According to Eqs (22), (23), Eq. (21) can be written as: 

⎡

⎢
⎢
⎢
⎣

Hss
11 Hss

12 Hss
13

Hss
21 Hss

22 Hss
23

Hss
31 Hss

32 Hss
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

us
1

us
2

us
3

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

+

⎡

⎢
⎢
⎢
⎣

Hsv
11 Hsv

12 Hsv
13

Hsv
21 Hsv

22 Hsv
23

Hsv
31 Hsv

32 Hsv
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u⌢
v
1

u⌢
v
2

u⌢
v
3

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

+

⎡

⎢
⎢
⎢
⎣

Hsv
11 Hsv

12 Hsv
13

Hsv
21 Hsv

22 Hsv
23

Hsv
31 Hsv

32 Hsv
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

uv
1

uv
2

uv
3

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎡

⎢
⎢
⎢
⎣

Gss
11 Gss

12 Gss
13

Gss
21 Gss

22 Gss
23

Gss
31 Gss

32 Gss
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ts1
ts2
ts3

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

+

⎡

⎢
⎢
⎢
⎣

Gsv
11 Gsv

12 Gsv
13

Gsv
21 Gsv

22 Gsv
23

Gsv
31 Gsv

32 Gsv
33

⎤

⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

t
⌢v

1

t
⌢v

2

t
⌢v

3

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

+

⎡

⎢
⎢
⎢
⎣
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,

(24)  

4.3. Eliminating the degrees of freedom for all virtual points 

Through Eqs (11)-(13), the second-layer interpolation for all virtual 
points in Eq. (24) can be written as matrix forms: 

uv
i = Φvs

uiuju
s
j + Φvs

ui tj t
s
j , i, j = 1 ∼ 3, (25)  

tvi = Φvs
tiuj u

s
j + Φvs

ti tj t
s
j , i, j = 1 ∼ 3, (26)  

uv
i = Iijus

j , i, j = 1 ∼ 3, (27)  

where Φvs
uiuj

,Φvs
uitj ,Φ

vs
tiuj 

and Φvs
ti tj are shape matrices formed by HMLS. Iijis 

the identity matrix. 
According to Eqs (25)-(27), Eq. (24) can be rewritten as: 

⎡

⎢
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⎢
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in which 
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(29)  

the entities of matricesΦvs
uiuj

,Φvs
tiuj

(i, j=1, 2, 3) come from Eqs (25)-(27). 

Fig. 7. Geometric model of bearing support  
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(30) 

Applying the boundary conditions to source points in Eq. (28), and 
switching the known quantities to right-hand side, the unknown to left- 
hand side, a standard system of linear equations is formed as follows: 

Ax = b, (31)  

in which 

A =
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1 u⌢

s
2 u⌢

s
3 t

⌢s

1 t
⌢s

2 t
⌢s

3

}T
,

Fig. 8. Discontinuous meshes for bearing support: (a) oblique view, (b) vertical view.  

Table 2 
Relative errors and CPU time of the results along line AB with different methods.  

DiBFM-discontinuous meshes DiBFM-continuous meshes 

NE NS Err_Mises time(s) NE NS Err_Mises time(s) 

318 318 6.21E-03 13 346 346 6.20E-03 17 
546 546 4.10E-03 30 585 585 4.01E-03 40 
984 984 3.24E-03 100 1,076 1,076 3.20E-03 120 
2,743 2,743 2.42E-03 710 2,852 2,852 2.40E-03 790  
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In Eq. (32), A(3NS × 3NS) represents the final coefficient matrix, and 
b represents the known right-hand-side vector. x is the vector con
cerning the unknown variables of source points. 

5. Numerical examples 

In this section, the excellent performance of the discontinuous 
meshes in solving 3D elasticity problems will be illustrated by four nu
merical examples. The first and second examples demonstrate the 

Fig. 9. Numerical comparison: (a) relative errors for Von-mises, (b) computational efficiency and (c) accuracy for Von-mises along line AB.  

Fig. 10. Contour plots of DiBFM by discontinuous meshes with 4,216 elements, 4,216 source nodes: (a) displacement and (b) Von-Mises stress.  
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accuracy of the presented method in different analytical field problems. 
The third and fourth examples highlight the ability and the practicability 
of the proposed method in dealing with complex geometry structures 
with a real engineering background. 

Error estimation and convergence of the presented method are 
measured by the relative error, defined as: 

error =
1

|v(e)|max

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
M

∑M

i=1

[
v(e)i − v(n)i

]2

√
√
√
√ , (1)  

where |v(e)|max is the maximum value of the exact displacement u or 
traction t over M sample points, and superscripts e and n denote the exact 

Fig. 11. Geometric model of shaft sleeve  

Fig. 12. Discontinuous meshes for shaft sleeve  

Table 3 
Relative errors and CPU time of the results along line AB with different methods.  

DiBFM-discontinuous meshes DiBFM-continuous meshes 

NE NS Err_Mises time(s) NE NS Err_Mises time(s) 

2,472 2,472 7.30E-03 648 2,506 2,506 7.00E-03 671 
3,288 3,288 6.60E-03 971 3,364 3,364 6.50E-03 992 
4,878 4,878 6.31E-03 2122 4,986 4,986 6.30E-03 2141 
10,012 10,012 2.60E-03 5174 10,159 10,159 2.40E-03 5204  
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and computed solutions, respectively. 
In the following examples, unless otherwise mentioned, tand 

urepresent the prescribed traction and displacement conditions. “Err_
Mises”, “NE”, “NS” “NN” and “time” denote the relative errors for Von- 
Mises stress, the number of elements, source points, total nodes in 
FEM and CPU time, respectively. 

5.1. Bearing support problem 

This example refers to a quadratic displacement field problem, and 
the bearing support is presented to verify the precision and the reli
ability of our algorithm. Geometric dimensioning is shown in Fig. 7. 
Displacement boundary conditions (see Eq. (33)) are imposed on the 
bottom boundary faces with the red dotted line, and traction boundary 
conditions are prescribed at remaining boundary faces. The analytical 
solution is shown as follow: 

Fig. 13. Numerical comparison: (a) relative errors for Von-mises, (b) computational efficiency and (c) accuracy for Von-mises along line AB.  

Fig. 14. Contour plots of DiBFM by discontinuous meshes with 4,551 elements, 4,551 source nodes: (a) displacement (b) Von-Mises stress.  
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⎧
⎨

⎩

U1 = − 2x1
2 + 3x2

2 + 3x3
2

U2 = 3x1
2 − 2x2

2 + 3x3
2

U3 = 3x1
2 + 3x2

2 − 2x3
2
, (33) 

The physical variables are approximated by dual interpolation con
stant elements in DiBFM with continuous mesh and DiBFM with 
discontinuous mesh. Young’s modulus E=1.0Mpa and Poisson’s ratio 
v=0.25, are prescribed. The discontinuous meshes are shown in Fig. 8. 

Table 2 summarizes the relative errors of Von-Mises along the line 
AB and CPU consumption, and Fig. 9 (a), (b) give the contrast between 
DiBFM with continuous meshes and discontinuous meshes in accuracy 
and computational efficiency. Information above illustrates that no 
matter accuracy or computational efficiency improves gradually with 
the increasing numbers of source points, and DiBFM with discontinuous 
mesh possess equivalent computational efficiency comparing with 
continuous meshes in the same accuracy; except that, the convergence of 
the new method can be demonstrated. 

Numerical solutions by DiBFM with two kinds of meshes and the 

Fig. 15. Geometric model of adapting piece  

Fig. 16. Discontinuous meshes for adapting piece  

Table 4 
Numerical results of DiBFM with continuous mesh, DiBFM with discontinuous 
mesh and FEM for adapting piece.  

DiBFM-continuous 
mesh 

NE 4,590 6,684 9,339 12,256 
NS 4,590 6,684 9,339 12,256 
Max_Mises 
(Mpa) 

3.15 3.24 3.44 3.32 

DiBFM- 
discontinuous 
mesh 

NE 4,452 6,546 9,218 12,142 
NS 4,452 6,546 9,218 12,142 
Max_Mises 
(Mpa) 

3.14 3.22 3.44 3.32 

FEM NE 60,312 88,264 149,236 210,373 
NN 116,213 171,786 268,687 310,240 
Max_Mises 
(Mpa) 

3.28 3.31 3.31 3.32  

J. Zhang et al.                                                                                                                                                                                                                                   



Engineering Analysis with Boundary Elements 139 (2022) 152–168

164

Fig. 17. Comparison of Von-Mises stress along line AB  

Fig. 18. Contour plots of displacement: (a) DiBFM: discontinuous meshes with 4,984 elements, 4,984 source nodes, and (b) FEM: with 210,373 elements, 
310,240 nodes. 

Fig. 19. Contour plots of Von-Mises stress: (a) DiBFM: discontinuous meshes with 4,984 elements, 4,984 source nodes, and (b) FEM: with 210,373 elements, 
310,240 nodes. 
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exact Von-Mises along AB are plotted in Fig. 9 (c). Displacement and 
Von-Mises calculated by discontinuous meshes with 4,216 source points 
are described in Fig. 10. The contour plots demonstrate that analytical 
solution can be reproduced by our method, accurately. Through the 
numerical results, the reliability of our algorithm can be illustrated, 
sufficiently. 

5.2. Shaft sleeve problem 

The following example studies a cubic polynomial solution problem. 
A shaft sleeve is employed to illustrate the validity and the convergence 

of the discontinuous meshes algorithm in solving high-order analytical 
field problem. Displacement boundary conditions (see Eq. (34)) are 
imposed on the outer surface with the red dotted lines, and traction 
boundary conditions are prescribed on the remaining boundary faces. 
The dimensions of the shaft sleeve are shown in Fig. 11. The cubic 
polynomial solution is given by: 
⎧
⎨

⎩

U1 = x2
3 − x3

3 − 3(x2 − x3)x1
2

U2 = x3
3 − x1

3 − 3(x3 − x1)x2
2

U3 = x1
3 − x2

3 − 3(x1 − x2)x3
2

(34) 

The same material parameters and interpolation elements as in 
Section 5.1 are adopted. Discretization of the geometric surface by 
discontinuous meshes is shown in Fig. 12. 

Relative Von-Mises errors and CPU time along the given line AB are 
listed in a form of table as well in Table 3, and line charts concerning the 
accuracy and computational efficiency by DiBFM with different mesh 
method are given Fig. 13 (a)-(c). It is hardly to use the same number of 
meshes in these two methods, so similar mesh in number is adopted. 
From the table and figure, it is not difficult to see that DiBFM with 
discontinuous meshes can come up to the robust algorithm (DiBFM with 
continuous meshes) in accuracy and computational cost, and the 
convergence of the proposed method can be testified by Table 3 and 
Fig. 13 (a), (b) once again. The smooth contour plots in Fig. 14 
demonstrate that higher-order analytical field can also be simulated 
through our method with 4,878 source points, accurately. Simulta
neously, it shows that the discontinuous meshes work very well in 
complicated geometric structure. 

Fig. 20. Geometric model of angle connector  

Fig. 21. Discontinuous meshes for angle connector: (a) oblique view, (b) vertical view.  

Table 5 
Numerical results of DiBFM with continuous mesh, DiBFM with discontinuous 
mesh and FEM for angle connector.  

DiBFM-continuous 
mesh 

NE 2,940 4,669 6,870 7,427 
NS 2,940 4,669 6,870 7,427 
Max_Mises 
(Mpa) 

2.27 2.22 2.25 2.22 

DiBFM- 
discontinuous 
mesh 

NE 2,834 4,896 6,784 7,506 
NS 2,834 4,896 6,784 7,506 
Max_Mises 
(Mpa) 

2.26 2.22 2.25 2.22 

FEM NE 64,563 102,343 184,562 223,433 
NN 122,762 212,436 286,421 323,127 
Max_Mises 
(Mpa) 

2.26 2.27 2.27 2.28  
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5.3. Adapting piece problem 

To illustrate the performance of the proposed method in engineering 
background problems, in this part, an adapting piece structure is 
employed and the geometric sizes are given in Fig. 15. Mixed boundary 
condition is specified: where u = 0is imposed on the inner face of the big 
cylinder with the red dotted line, and t = 1.0Mpa is prescribed on the 
half inner face of the small cylinder with the green dotted line. The 
physical variables are approximated by constant elements, while by 
quadratic elements in FEM. Young’s modulus E=2.00E05Mpa and 
Poisson’s ratio v=0.25 are considered. Corresponding discontinuous 
meshes are shown in Fig. 16. 

Table 4 lists the max Von-Mises by DiBFM based on two mesh 
methods and FEM. Numerical data above illustrate that there is no 
obvious fluctuation in max Von-Mises with the increasing number of 
elements, and the convergence of the new method can be verified in real 
engineering problem. The line charts in Fig. 17 give the Vom-Mises 

along line AB. The contour plots in Figs. 18 and 19 present the 
displacement and Vom-Mises by DiBFM using discontinuous mesh with 
6,546 source points and FEM with 310,240 nodes, respectively. From 
the comparison, we can conclude that our numerical result has same 
variation tendency with the FEM. The practicability and reliability of the 
discontinuous meshes for solving real-life problem can be demonstrated. 

5.4. Angle connector problem 

The last geometric model (see Fig. 20) is investigated to illustrate the 
feasibility of our algorithms. Simultaneously, it can testify the practi
cability of the discontinuous meshes in more complex case. The size of 
the angle connector is described in Fig. 20. The same boundary condi
tion in Section 5.3 is considered: u = 0 is specified on the bottom face 
with the red dotted line, and t = 1.0Mpa is applied on the half of the 
inner face of circular holes with the green dotted lines. The same 
interpolation elements and material parameters shown in Section 5.3 are 

Fig. 22. Comparison of Von-Mises stress along line AB  

Fig. 23. Contour plots of displacement: (a) DiBFM: discontinuous meshes with 4,896 elements, 4,896 source nodes, and (b) FEM: with 223,433 elements, 
323,127 nodes. 
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used in this example. Discontinuous meshes of this structure are pre
sented in Fig. 21. 

From the Table 5, convergence of DiBFM under discontinuous 
meshes can be demonstrated further. Simultaneously, the line charts in 
Fig. 22 illustrates that the local results by DiBFM along line AB are more 
considerable than FEM. Numerical solutions (see Figs. 23 and 24) by 
FEM with 223,433 elements, 323,127 nodes are for comparison purpose. 
This comparison can demonstrate that our method is feasible for solving 
more complicated structures. Excellent performance of the discontin
uous meshes can also be revealed. 

6. Conclusions and discussions 

Using the discontinuous meshes to analyze the 3D elasticity prob
lems has been implemented successfully in this research. The dual 
interpolation elements and the traditional continuous elements were 
employed to simulate the physical variables. A Binary-tree scheme was 
proposed to obtain the discontinuous meshes. This method can effec
tively minimize the difficulty of mesh division and avoid geometric 
repairing or model simplification for geometric models with small fea
tures and defects. For hang points in discontinuous meshes, the 
improved HMLS approximation and the compatibility conditions were 
used to construct the second-layer interpolation. This interpolation 
method offers an effective measure for handling hang points and gua
rantees the successful application of the discontinuous meshes in solving 
arbitrarily complicated structures. Moreover, it provides the possibility 
for the full-automatic CAE analysis and promotes the process of CAD/ 
CAE integration. All the considerable numerical examples results have 
demonstrated that the presented methods are applicable and reliable 
when solving geometries structures with different engineering 
backgrounds. 

At present, the proposed method was only used to solve elastostatic 
problems with a single domain. In future work, this method may be used 
to solve multiple domain problems, and the binary-tree-based mesh 
generation method can be considered to apply to parallelization of mesh 
division. Extension of the addressed method to solve 3D multiple 
domain problems and non-linear problems such as 3D contact problems 
is in progress. 
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